Abstract. In this paper, we describe the latest developments of the minimally invasive hepatic surgery simulator prototype developed at INRIA. A key problem with such a simulator is the physical modeling of soft tissues. We propose a new deformable model based on non-linear elasticity and the nite element method. This model is valid for large displacements, which means in particular that it is invariant with respect to rotations. This property improves the realism of the deformations and solves the problems related to the shortcomings of linear elasticity, which is only valid for small displacements. We also address the problem of volume variations by adding to our model incompressibility constraints. Finally, we demonstrate the relevance of this approach for the real-time simulation of laparoscopic surgical gestures on the liver.
Introduction
A major and recent evolution in abdominal surgery has been the development of laparoscopic surgery. In this type of surgery, abdominal operations such as hepatic resection are performed through small incisions. A video camera and special surgical tools are introduced into the abdomen, allowing the surgeon to perform a procedure less invasive. A drawback of this technique lies essentially in the need for more complex gestures and in the loss of direct visual and tactile information. Therefore the surgeon needs to learn and adapt himself to this new type of surgery and in particular to a new type of hand-eye coordination. In this context, surgical simulation systems could be of great help in the training process of surgeons.
Among the several key problems in the development of a surgical simulator 1, 13] , the geometrical and physical representation of human organs remain the most important. The deformable model must be at the same time very realistic (both visually and physically) and very e cient to allow real-time deformations. Several methods have been proposed: spring-mass models 8, 12] , free form deformations 2], linear elasticity with nite volume method 9] or various nite element methods 6, 10, 15, 4] .
In this article we propose a new real-time deformable model based on nonlinear elasticity and a nite element method. We rst introduce the linear elasticity theory and its implementation through the nite element method, and we then highlight its shortcomings when the "small displacement" hypothesis does not hold. Then we focus on our implementation of St Venant-Kirchho elasticity and incompressibility constraints.
Shortcomings of the linear elasticity
Linear elasticity is often used for the modeling of deformable materials, mainly because the equations remain quite simple and the computation time can be optimized.
The physical behavior of soft tissue may be considered as linear elastic if its displacement and deformation remain small 11, 14] (typically less than 10% of the mesh size). We represent the deformation of a volumetric model from its rest shape M initial with a displacement vector U(x; y; z) for (x; y; z) 2 M initial and we write M deformed = M initial + U(x; y; z). (2) where and are the Lam coe cients characterizing the material sti ness. Equation 2, known as Hooke's law, shows that the elastic energy of a deformable object is a quadratic function of the displacement vector.
Finite element method
Finite element method is a classical way to solve linear elasticity problems. Its most interesting property is to provide a continuous description of physical equations. We chose to use P 1 nite elements where the elementary volume is a tetrahedron with a node de ned at each vertex. At each point M(x; y; z) inside tetrahedron T i , the displacement vector is expressed as a function of the displacements U k of vertices P k . For P 1 nite elements, interpolation functions k are linear (f k ; k = 0; :::; 3g are the barycentric coordinates of M in the tetrahedron):
U(x; y; z) = 3 X j=0 U j j (x; y; z) j (x; y; z) = j :X + j j = (?1) j 6V (T i ) (P j+1 P j+2 + P j+2 P j+3 + P j+3 P j+1 );
where stands for the cross product between two vectors, and V (T i ) is the volume of the tetrahedron. 
where B Ti jk ] is the tetrahedron contribution to the sti ness tensor of the edge (P j ; P k ) (or of the vertex P j if j = k), f j ; k = 0; ::; 3g are the shape vectors of the tetrahedron and stands for the tensor product of two vectors.
Finally, to obtain the force F Ti p applied by the tetrahedron T i on the vertex P p , we derive the elastic energy with respect to the vertex displacement U p :
We have been using this linear elasticity formulation for several years through two deformable models, the pre-computed model 6] and the tensor-mass model 10, 7] . Furthermore, it can be extended to anisotropic linear elasticity 15] , which allows to model ber-reinforced materials, very common within biological tissues (blood vessels, tendons, muscles, ...).
The problem of rotational invariance
The main limitation of the linear model is that it is not invariant with respect to rotations. When the object undergoes a rotation, the elastic energy increases, leading to a variation of the volume (see gure 2). In the case of a global rotation of the object, we could solve the problem with a speci c change of the reference frame.
But this solution proves itself to be ine ective when only one part of the object undergoes a rotation (which is the case in general). This case is presented by the cylinder of gure 3: the bottom face is xed and a force is applied to the central top vertex. Arrows show the trajectory of some vertices, which are ? rU + rU t + rU t rU : The force applied at each vertex inside a tetrahedron is derived from the elastic energy W(T i ):
The rst term of the elastic force (F p 1 (T i )) corresponds to the linear elastic case presented in section 2.1. The next part of the article deals with the generalization of the tensor-mass model to large displacements.
Non-linear Tensor-Mass Model
The main idea of the tensor-mass model is to split, for each tetrahedron, the force applied at a vertex in two parts: a force created by the vertex displacement and forces produced by the displacements of its neighbours: Table 1 . Storage of the sti ness data on the mesh Given a tetrahedral mesh of a solid in our case an anatomical structure we build a data structure incorporating the notion of vertices, edges, triangles, and tetrahedra, with all the necessary neighbours. For each vertex, we store its current position P p , its rest position P 0 p , and its sti ness data. For each edge, we store sti ness data. Finally for each tetrahedron, we store the Lam coe cients and , the four shape vectors k , and the sti ness data. During the simulation, we compute forces for each vertex, edge, triangle, and tetrahedron, and we update the vertex positions from the di erential equations of continuum mechanics 3]:
Following nite element theory, the mass M and damping C matrices are sparse matrices that are related to the stored physical properties of each tetrahedron.
In our case, we consider that M and C are diagonal matrices, i.e., that mass
and damping e ects are concentrated at vertices. This simpli cation called masslumping decouples the motion of all nodes and therefore allows us to write equation 10 as the set of independent di erential equations for each vertex.
Furthermore, we choose an explicit integration scheme where the elastic force is estimated at time t in order to compute the vertex position at time t One of the basic tasks in surgery simulation consists in cutting soft tissue. With our deformable model, this task can be achieved e ciently. We simulate the action of an electric scalpel on soft tissue by successively removing tetrahedra at places where the instrument is in contact with the anatomical model.
When removing a tetrahedron, about a hundred update operations are performed to suppress the tetrahedron contributions to the sti ness data of the surrounding vertices, edges, and triangles. By locally updating sti ness data, the tissue has exactly the same properties as if we had removed the corresponding tetrahedron at its rest position. Because of the volumetric continuity of nite element modeling, the tissue deformation remains realistic during the cutting.
Incompressibility constraint
Living tissue, which is essentially made of water, is nearly incompressible. This property is di cult to model and leads in most cases to instability problems. This is the case with the St Venant-Kirchho model: the material remains incompressible when the Lam constant tends towards in nity. Taking a large value for would force us to decrease the time step and therefore to increase the computation time. Another reason to add an external incompressibility constraint to our model is related to the model itself: the main advantage of the St Venant-Kirchho model is to use the strain tensor E which is invariant with respect to rotations. But it is also invariant with respect to symmetries, which could lead to the reversal of some tetrahedra under strong constraints.
We choose to penalize volume variation by applying to each vertex of the tetrahedron a force directed along the normal of the opposite face N p (see gure on the right), the norm of the force being the square of the relative volume variation:
These forces act as an pressure increase inside the tetrahedron. This method is closely related to Lagrange multipliers, which are often used to solve problem of energy minimization under constraints. In the rst experiment, we wish to highlight the contributions of our new deformable model in the case of partial rotations. Figure 5 shows the same experience as the one presented for linear elasticity (section 2.2, gure 3) . On the left we can see that the cylinder vertices can now follow trajectories di erent from straight lines ( gure 5(a)), leading to much more realistic deformations than in the linear (wire-frame) case ( gures 5(b) and 5(c)). In the second example ( gure 6), we apply a force to the right lobe of the liver (the liver is xed on its central back part, and Lam constants are: = 4:10 4 and = 10 4 ). Using the linear model, the right part of the liver undergoes a large (and unrealistic) volume increase, whereas with non-linear elasticity, the right lobe is able to rotate, giving a much more accurate deformation. Adding the incompressibility constraint on the same examples decreases the volume variation even more (see table 2 1 ), and also stabilizes the behaviour of the deformable models in strongly constrained areas.
The last example is the simulation of a typical laparoscopic surgical gesture on the liver. One tool is pulling the edge of the liver sideways while a bipolar cautery device cuts it. During the cutting, the surgeon pulls away the part of 
Fig. 7. Simulation of laparoscopic liver surgery
Obviously, the computation time of this model is larger than for the linear model because the force equation is much more complex (equation 8). With our current implementation, simulation frequency is four times slower than with the linear model. Nevertheless, with this non-linear model, we can reach a frequency update of 30Hz on meshes made of about 2000 tetrahedra (on a PC Pentium PIII 500MHz). This is su cient to reach visual real-time with quite complex objects, and even to provide a realistic haptic feedback using force extrapolation as described in 15] .
